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(c) Discussion of scientific goals, obtained results, and their
significance

c.l Introduction and motivation

A detailed understanding of the smallest building blocks of matter, that is, atoms
and molecules, is of crucial importance in many areas of physics, chemistry, biol-
ogy, and materials sciences. One way to achieve this goal is to use the quantum
mechanical description of their electronic structures in which the correlated motion
of electrons is taken into account. The exact solution of the electronic Schrédinger
equation! and inclusion of all types of electron correlation effects in a given basis
set (working within the Born-Oppenheimer approximation?) can be obtained from
the full configuration interaction (FCI) approach. This approach is, however, lim-
ited to small model systems as it scales factorially with the number of electrons and
basis functions. To model larger, more realistic molecules and clusters, a number
of approximate electron correlation methods have been developed. In general, these
approximate methods can be divided into two categories, one that is based on the
density as the main constituent, the so-called density functional theory approach, and
the other one that optimizes an approximate /N-electron wave function. Furthermore,
to be applicable to heavy element chemistry, that is, atoms and molecules with large
atomic numbers, we have to build in relativistic effects in the electronic Schrédinger
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equation, which brings additional computational difficulties on top of electron corre-
lation. Thus, the main goal of current developments of electronic structure methods
is to find a computationally feasible model to account for both electron correlation
and relativistic effects, which still provides reliable results.

c.2 Relativistic effects

The most rigorous theoretical treatment of relativistic effects in atoms, molecules,
and clusters comes form Dirac’s relativistic quantum mechanics, > namely the Dirac
equation in which the Hamiltonian and the wave function have four-component forms,

Vi,  c-p ( vh(r) ) ( v (r) ) 1)
6-p (V-2 ¥ (r) ¥ (r)
In the above equation c indicates the velocity of light, p = (pg,py,p-) is the mo-

mentum operator, and V is the Coulomb potential (electron-nuclear interaction),
e = E — ¢? is the adjusted (scaled) Dirac energy, and

A 0 5’1 a jz 0

with T 2 being the two-dimensional unity matrices and o; the (two-dimensional) Pauli

spin matrices
. 0 1 £ 0 =z A 1 0

The two-component wave functions are called the large 1* (r) and small ¢»° (r) compo-
nent, respectively. This naming convention comes from the fact that, for the electronic
solutions, the large component has a larger norm than the small component.® The
Dirac equation, describes thus the behavior of both electrons and positrons, and nat-
urally accounts for spin via the & matrices. One should note that in non-relativistic
quantum mechanics, the existence of the electron spin is postulated and included
only a posteriori into the model. In the four-component Dirac formalism, scalar rel-
ativistic and magnetic effects (such as spin—orbit and spin-other—orbit interactions)
are intertwined and consistently included.

The starting point in relativistic quantum chemistry is the four-component Dirac—
Coulomb—Breit Hamiltonian (in the Born-Oppenheimer approximation),

FIDCB _ ZZ[ a-p), +Bc +V1A}+Z[ﬁ+é Brelt:' ZVAB»
i J

A<B
(4)
where A and B denotes nuclel and ¢ and j electrons, respectively, V; 4 is the nuclear-
electron attraction term, |———1 is the Coulomb term, VA g Is the standard nuclear
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attraction term, and

Ao oBreit _ O by (cluryj) - (coyris) 5
0(27]) - 2C27’ij 2c2r§j . ( )

In addition to the charge—charge interaction present in the Coulomb term, the Breit
operator also accounts for the current—current interaction.? In practical applications
of the four-component methodology, the two-electron part of the Dirac-Coulomb-—
Breit Hamiltonian is, however, further approximated. A common approach is to keep
only the first term in eq. (5), which leads to the so-called Dirac-Coulomb-Gaunt
Hamiltonian. However, in most of the four-component applications, the Breit term
is completely discarded, which results in the so-called Dirac-Coulomb relativistic
Hamiltonian.

Even more popular and computational more favorable approaches take into account
only the scalar relativistic effects.!?, either using an effective core potential 1! or
employing a two-component strategy '>715 In the first case the inner core electronic
structure is modelled with a relativistic potential that mimics the contraction of s
and p inner shells and the valence electrons are treated explicitly such that their
energy levels are close to the original (spin—free) Dirac-Coulomb Hamiltonian. In
the second approach all electrons are accounted for after modification of the one-
electron part of the Schrodinger Hamiltonian such that it resembles the spin—free
Dirac-Coulomb energy levels.'® The advantage of scalar relativistic Hamiltonians is
their simple one-component form, which can be easy implemented in standard (one-
component) electronic structure codes. If necessary, spin—orbit interaction can be
added a posteriori on top of a scalar relativistic Hamiltonian.”

c.3 Electron correlation effects and molecular properties

Electron correlation effects usually account for about 1% of the total electronic energy
of the (molecular) system. However, they are crucial for an accurate and reliable
description of the electronic structure of atoms, molecules, and clusters as well as
their properties. Qualitatively speaking, electron correlation effects are electronic
interactions'® beyond the mean-field approach. Even though an exact separation of
the correlation energy into individual contributions is not possible, one usually divides
correlation effects into three different categories, which are denoted dynamic, static,
and nondynamic. Although unique definitions of nondynamic, static, and dynamic
electron correlation do not exist, the dynamic part is considered to be responsible
for keeping electrons apart and is attributed to a large number of configurations, i.e.,
Slater determinants or configuration state functions, with small (absolute) coefficients
in the wave function expansion, while the nondynamic and static contributions involve
only some determinants with large (absolute) weights, which are necessary for an
appropriate treatment of the quasi-degeneracy of orbitals. 712 In particular, static
electron correlation embraces a suitable combination of determinants to account for
proper spin symmetries and their interactions, whereas nondynamic correlation is
required to allow a molecule to separate correctly into its fragments. % An accurate
treatment of dynamic, nondynamic, and static electron correlation effects is covered

by the FCI solution. 2° > — —
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c.3.1 Assessment of electron correlation effects

In order to study larger, more realistic and more interesting systems, the FCI wave
function needs to be approximated using either single-reference or multi-reference
quantum chemical methods. While single-reference approaches like, for instance,
Mgller—Plesset perturbation theory or the coupled cluster (CC) ansatz, are able to
capture a large fraction of the dynamic correlation energy,'® the missing nondy-
namic and static contributions can be recovered by usually more expensive multi-
reference methods. 21?2 Thus, employing any wave-function based electron correlation
approach requires some a priori knowledge about the interplay of dynamic, nondy-
namic, and static electron correlation effects. The proper choice of the quantum
chemistry method is indispensable for obtaining reliable results.

Up to date, a number of different diagnostic tools have been developed to charac-
terize the single- or multi-reference nature of molecular systems in order to validate
the quality and performance of single-reference quantum chemical methods. For
instance, if the absolute or squared weight of the reference configuration (the |Cy| co-
efficient) obtained from a CI calculation are above a certain threshold (|Co| > 0.95 or
C? > 0.90), the electronic structure is considered to be of single-reference nature. %3
However, the weight of the principal configuration can only be considered reliable
if, for instance, a complete-active-space self-consistent-field (CASSCF') calculation is
feasible and comprises all critical orbitals in the active space. As an alternative mea-
sure, Lee at al.232% proposed to analyze the Euclidean norm of the ¢; amplitudes
optimized in a CC calculation, which is usually denoted as T; diagnostics. It was
shown that single-reference CC can be considered accurate when the T diagnostic
is smaller than 0.02 for main group elements?32426 and 0.05 for transition metals 2
and actinide compounds,?%2? respectively.

c.3.2 A new look into electron correlation effects

Since electron correlation effects are caused by the interaction of electrons that oc-
cupy specific orbitals used to construct the Slater determinant basis, an intuitive way
to study electron correlation would be to measure the interaction among any pair of
orbitals or the interaction of one orbital with the remaining ones which are incorpo-
rated in a FCI wave function. The interaction between orbitals or electrons can be
calculated employing concepts from quantum information theory like the von Neu-
mann entropy or the mutual information.3? So far, such correlation measures have
been evaluated employing the one-particle reduced density matrix in terms of natural
occupation numbers,3! the two-particle reduced density matrix or its cumulant in
terms of their Frobenius norm,3?3% and the weights from excited configurations of
some wave function expansion.

In [H10], a different way of quantifying electron correlation effects has been proposed.
In contrast to the approaches mentioned above, the proposed electron correlation
measure is based on many-particle reduced density matrices whose eigenvalue spectra
are employed to classify the entanglement of orbitals. Following earlier work on the
development of the Density Matrix Renormalization Group (DMRG)?3¢3® algorithm
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and orbital ordering,3%4? we can define the single-orbital entropy,
4
s(1)i == ) _ Wailnway, (6)
a=1

from the eigenvalues w, ; of the one-orbital reduced density matrix (RDM) of orbital
i. Such a one-orbital RDM is determined from an N-particle RDM by tracing out all
other orbital-degrees of freedom except those of orbital 7 and therefore its dimension
is equal to the dimension of the one-orbital Fock space. In the case of spatial orbitals,
four different states (occupations of orbitals) exist, which can be empty |—), occupied
with an a-(spin-up) |4) or a (-(spin-down) |§) electron, or doubly occupied with two
electrons of paired spin |4).

Furthermore, if the Hilbert space is divided into a subspace spanned by two orbitals
and the space spanned by the remaining k — 2 orbitals, the entanglement entropy
quantifies the interaction between one orbital pair and the orbital bath. This two-
orbital entropy s(2); ; is determined from two-orbital RDM with the basis states of a

two-orbital Fock space (with 16 possible states for spatial orbitals: |——), |—4), [+—),
|—4), ..., [##)). Thus, the two-orbital analogue of Eq (6) is
16
5(2)ij = — Z War,i,j 1N Wai, 5 (7)
a=1

where wq ; ; are the eigenvalues of the two-orbital RDM.

The total amount of correlation between any pair of orbitals (¢, j) can be evaluated
from the (orbital-pair) mutual information. Specifically, the mutual information al-
lows us to measure the total amount of information one system (here, orbital ¢) has
about another system (here, orbital j), including all types of correlation (classic and
quantum). #1743 According to Rissler et al.,3° the orbital-pair mutual information is
calculated using the single- and two-orbital entropy and thus requires the one- and
two-orbital RDMs,

1

Ly = 5(s(2)i = s(1)i = s(1);) (1 = &), (8)
where 0;; is the Kronecker delta. One should note that a correlated wave function
is required to have non-zero orbital entanglement and correlation. Otherwise, the
(orbital) entanglement entropy is simply zero.3?
It has been demonstrated in [H10] that a quantitative measure to assess electron
correlation effects that are independent of the reference wave function and do not
require an a priori knowledge about the single- or multi-reference character of the
electronic structure can be obtained from the single orbital entropy and mutual in-
formation calculated within the DMRG algorithm. The static, nondynamic, and dy-
namic contributions to the correlation energy can be distinguished by examining the
entanglement patterns of orbitals. Specifically, it has been shown for the iron nitrosyl
complex (Fe(NO)?T), a well-known multi-reference system, that the multi-reference
nature of electronic structure is encoded in the mutual information and single orbital
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entropies. These quantities do not significantly depend on the accuracy of the DMRG
calculations and can be already obtained from fast and inexpensive DMRG sweeps.
The cost for these DMRG sweeps needed to acquire the entanglement measures is
thus negligible.

Obtaining many-particle reduced density matrices for entanglement mea-
sures.

The DMRG algorithm 4446 represents an efficient approach to systematically approx-
imate the FCI solution for large molecules and complicated electronic structures and
therefore allows us to treat large active orbital spaces without a predefined truncation
of the complete N-particle Hilbert space. In particular, DMRG can be considered
as a CASCI method whose wave function is constructed from many-particle basis
states that are determined from the eigenvalue spectrum of the many-particle re-
duced density matrix of the system under study. These many-particle basis states
are optimized iteratively in one sweep of the DMRG algorithm (in order to obtain a
converged energy, several of such sweeps are necessary). Thus the eigenvalues of the
many-particle reduced density matrix that will enter the diagnostic analysis proposed
in [H10] can be easily determined from the DMRG wave function at the end of one
DMRG sweep. The calculation of the one- and two-orbital reduced density matri-
ces from generalized correlation functions of the DMRG algorithm whose eigenvalues
enter the single-orbital entropy and mutual information has been discussed in [H9].
Alternatively, the single orbital entropy (6) and mutual information (8) can be calcu-
lated from standard many-particle reduced density matrices of any other electron cor-
related method. Since, however, calculating elements of higher order reduced density
matrices of correlated wave functions is expensive, this approach is rather impractical.
One exception is the AP1roG (Antisymmetric Product of 1-reference orbital Gemi-
nal) also known as pair coupled cluster doubles. Combined with a variational orbital
optimization protocol and denoted as the voo-AP1lroG model, represents an inex-
pensive and reliable approach to model strongly correlated electrons in closed shell
systems. Its simple form allows us to efficiently evaluate the single orbital entropy
and mutual information using only elements of 1- and 2-reduced density matrices. 474®
Specifically, the AP1roG ansatz can be written as

P

K
|AP1roG) = exp (Z Z C?ala;afai) |®0), 9)

i=1 a=P+1

where a,, ap are the electron annihilation operators for spin-up (p) and spin-down
electrons (p), |®o) is some independent-particle wave function (for instance the
Hartree—Fock (HF) determinant), and {c{} is the geminal coefficient matrix. Similar
to orbital optimized coupled cluster methods, there are different techniques to op-
timize the one-particle basis functions within the AP1roG framework??®!. Recent
numerical studies showed that the variational orbital optimization (vOO-AP1roG%?)
approach is superior to approximate non-variational techniques and represents the
most robust and reliable orbital optimization scheme for AP1roG 551, In this opti-
mization scheme, the orbitals are chosen to minimize the AP1roG energy functional
subject to the constraint that the AP1lroG coefficient equations are satisfied. In
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intermediate normalization, the energy Lagrangian has the form

L =(®ole®He™®|AP1roG)+ (10)
> M (2| He™"™|AP1roG) — Ecf),

10

where {\¢} are the Lagrange multipliers and x denotes the orbital rotation. The
requirement that the derivative of £ with respect to the Lagrange multipliers {A{} is
stationary results in the standard set of equations for the geminal coefficients {ca}49,

while the stationary requirement of £ with respect to the geminal coefficients, g Cﬁ =10,

leads to a set of equations for the Lagrange multipliers, analogous to the A-equations
in CC theory.?° Finally, the variational orbital gradient is the derivative of £ with
respect to the orbital rotation coefficients {rpq}. %!

c.3.3 An alternative approach to dissect orbital interactions and chemi-
cal bonds

The findings reported in [H10] motivated more elaborate studies of electron correla-
tion effects for a series of both known and unknown molecular electronic structures.
Specifically, in [H9], a series of diatomic molecules with well-known multi-reference
character such as N, Fy, and CsH have been investigated along their potential energy
surface. In addition, in [H9], it has been shown that entanglement-based measures
can be instrumental for an analysis of bond-breaking and bond-forming processes.
It is important to understand that these measures allow us to extract orbital-related
information from a correlated wave function. The single-orbital entropies and mutual
information corresponding to the molecular orbitals forming a chemical bond show
large values when bonds are stretched. All other orbitals remain slightly entangled
with small values for s(1); and I; ;. Such patterns are consistent with the understand-
ing of nondynamic correlation effects, where those orbitals become strongly entangled,
which allow a molecule to correctly separate into its fragments. The one- and two-
orbital entanglement measures should, therefore, provide a qualitative picture of how
many bonds are formed between two atoms. A qualitative, entanglement-based bond
order can be determined from the total number of steep changes in the s(1);-diagram
present in the dissociation limit (divided by two to account for the bonding and
anti-bonding combination of molecular orbitals), which will be demonstrated in the
following sections.

Furthermore, the process of bond-breaking or bond-forming along a reaction coordi-
nate can be monitored in the evolution of the single-orbital entropies. Since static
and nondynamic electron correlation effects become dominant if bonds are stretched,
the single-orbital entropies corresponding to the bonding and anti-bonding pair of
molecular orbitals should increase gradually. In particular, the rate of growth should
depend on the type (or strength) of a specific bond as the magnitude of the one-
and two-orbital entanglement measures is connected to the structure of the electronic
wave function. In a qualitative picture, the s(1); values of orbitals involved in weak
m-bonds increase faster than those corresponding to strong o-bonds. A chemical bond
is considered broken if the s(1); remain unchanged when the two centers A and B
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Figure 1: Mutual information and single-orbital entropies s(1); from
%

DMRG (10,46)[512,1024,10°] calculations for the Ny molecule at different in-
ternuclear distances. Each orbital index in the s(1); diagram (middle; those included
in the CAS(10,8)SCF calculations are marked in red) corresponds to the same
natural orbital as numbered in the entanglement plot (left).
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